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Ú�äMRbLÇB�ÝÊÙbLNÜ!LÇ6Ç;?QbLNRWÛøOP@CRWìg@J@CB¼4Ã×�ØÅÙ!ì�L9RdßÞ;?BEDÁì�LNRbß�57äMR½ÙS@�<�57BED�;\QdÛÊÙWRdQbäP<[RbäEQb@�Ù�äEB7RdLN6
�8
�
:9�LÈÙ�Ý7LNH7@CB$OhÛ%:�;\8ABE;ª@�R�;?6�å	� ý�
aåËè°Qd;?ÜªÜ @�R�;\6aå��;9�
�8A57QbÜ�ä�6Ç;\Rb@�D½Rdß�@�;\Q><[ð�Ú�Qd@JÙb@CQdHhLÇB�Ý
Ú�Qb57O�6Ç@CÜ=<�Ý?LÇH?@JB·RWì�5GB�@�ÙWRd@JDÊ4Ã×ÅØ�Ù

S1
;\BPD

S2
ì�L9RdßÁ6Ç@CB�Ý?RbßEÙ�BÁ;?BEDøÜ

(n ≥ m)
æ

Qb@�ÙSÚË@J<�RbLÇH?@C6ÇÛ?æ\D�5h@�Ù
S2
5M<C<Cä�QdÙ(LÇB

S1
ÙbäE<>ßªRbßE;\R

S2
<C;?B�OË@�5?OMR>;\LÇB�@JDªOIÛ�DM@J6N@CRbLÇB�Ý�OE;7ÙS@�Ù

8AQb57Ü
S1
ì�LNRbßªRbßE@ÃÚ�Qd5?ÚË@CQbRWÛ�RbßE;\RÂRbß�@Ã;?Qd<JÙÂ;\Qd@,Ú�Qb@�ÙS@JQbH7@JD?>��,ß�LÈÙÂÚ�Qd5?OE6N@JÜ�<C;?BªBE5\R�OË@

ÙS@J@CB½;?Ù´O�LÇ5?6Ç5?Ý?LÈ<C;?6�Ü!5\RdLNHx;xRd@JD»OË@J<J;\äEÙb@�Rdß�@ÅÙSRbQdäE<[Rdä�Qd@Ã5\8
S2
ìg57ä�6ÇD½OP@�8A5?ä�BED»ÙbÚ�6ÇL9RbRb@�D



LNB
S1
å���R�ßE;?Ù+OË@C@JBÊÙSß�5xì�BïOIÛA@7LÇ;?B�Ý$@�R�;\6aåB� C�
 RbßE;\R�óEBEDMLÇB�ÝKRdß�@»6N57B�Ý?@�ÙWR�<C5?Ü!Ü!5?B

;\Q><[ð�Ú�Qb@�ÙS@JQbHILÇB�Ý�ÙSäEOEÙS@�ùhä�@CBE<C@Â8A5?Q(;\Q><[ðl;\BEB�5\R>;xRb@�D+ÙS@�ù7äE@CBE<C@JÙ´ôD�{Ø�E�ç,F�ö[æxì�ßE@CQd@´;xR�6N@�;?ÙSR
5?B�@°5\8�Rdß�@CÜ ßE;?Ù,<�Qd57ÙdÙbLNB�Ýª;\Q><�ÙSRbQdäE<[Rdä�Qd@ÅLÈÙ,ÿòØ�F+FM×�EÂð�ßE;?QdD¬åHGB�M;7<[R,ÚE;xRbRb@JQbB$Ü»;xRd<>ß�ð
LNB�Ýª5?B$4Ã×�ØÅÙ�ßE;?Ù�OË@C@CB$DM5?BE@ÅOIÛ�è°@CBPDMQb57B�@CR,;?6�å!� I�
�åJ�,ßE@CÛ»Ú�Qd5?ÚË57Ùb@Å;�OE;?<>=hRdQd;7<>=hLÇB�Ý
;\6ÇÝ?5?QdLNRbß�ÜKæ�ÙbLNÜ!LÇ6Ç;?Q+Rb5ò;\Bø;\6ÇÝ?57QbLNRbßEÜ 8AQb57Ü ê�6N6ÇÜ»;\BK�(�5�L
gÙb5?6ÇHILNB�Ý$Rdß�@½ÙSäEO�Ý?Q>;\Ú�ßïLÈÙS5?ð
Üª57QbÚEß�LÇÙbÜ Ú�Qd5?O�6Ç@CÜ38AQd5?Ü
Ý?Q>;\Ú�ßGRdß�@C57QbÛ7å!��R�;?LNÜ»Ù+;xR+óEBPDMLNBEÝ%Qd@J<Cä�QbQd@CBhR+ÚE;xRbRb@JQbBEÙ°LÇB
5?B�@�4Ã×ÅØ�å

�,ß�@GÚE;\ÚË@CQ»LÈÙ»57QbÝh;\B�L	�C@�DÀ;7Ùª8A5?6Ç6N5xìÃÙM<N�lB¼Ùb@J<�RbLÇ5?B*ýMæ´ìg@KLÇB7RdQb5MDMäP<�@KRbßE@òQb@�;?DM@JQ
LNBhRb5·DM@�óEBEL9RdLN57BEÙ�;?BEDøB�5\R>;xRdLN57BEÙ�5?8�4�×�Ø�ÙJåO�lBÀÙS@�<[RbLÇ5?B#7Eæ�ì�@�DM@�óPB�@�Ü»;xR><>ß�LÇB�Ý7Ù�OË@�ð
RWìg@J@CBÀRWìg5ø4Ã×�ØÅÙ»ÙSäP<>ß RdßE;xR!RbßE@CÛ <J;\BÞOP@GDM@�Ùb<CQbLÇOP@�D OIÛÊÜ»;xR><>ß�LÇB�ÝÊ;\BED Ü!;\Rd<>ß�@�D
ÚE;xRdßEÙCå��lBÊFI@�<[RbLÇ5?BPIEæ�;$OË5?BED·Ú�Qd@JÙb@CQdHILNB�Ý%Ü»;xRd<>ßELNB�ÝKLÈÙ+Ú�Qd5?ÚË57Ùb@JDòì�ßELÇ<>ßïLÇÙ+äPÙS@�Dò8A57Q
Rbß�@�D�ÛhBP;\Ü!LÇ<�Ú�Qb57Ý?Q>;\Ü!Ü!LNBEÝªÜ»;\RbQdLÇ<C@JÙ�ô�ÙS@�<[RbLÇ5?BQ97ö[åR�,ßE@�Ü»;xRbQdLÈ<�@JÙ�;\Qd@�<�5?Ü!Ú�ä�Rb@JDKOIÛ
Qb@�<�ä�Q>ÙSLÇ5?B%@JùhäE;\RbLÇ5?BEÙ,LÇBGÙS@�<[RbLÇ5?BMS�åT�,ßE@°ÚPÙS@JäEDM5½<�5MDM@+LÈÙ,Ý?LÇH?@JB%LÇBGÙS@�<[RbLÇ5?BQUIå

 V$â:W�Î�ÕAÏ�ÕÖÑËÎYX�Z�Î�Ò\[GÑEÏ�ZMÏJÕ�ÑPÎ]X
ØÃB^)�_�`ÄLÈÙ!;GRdä�Ú�6Ç@

(S, P )
æÂì�ßE@CQd@

S
LÈÙ!;¦ÙSRbQdLNB�Ý·5\8�6Ç@CBEÝ\RbßÀB 5xH7@CQ�Rdß�@K;\6ÇÚ�ßE;\OË@�R

Σ = {A,C,G,U} åa�ï@·DM@JB�5\Rd@ S(i)
;7Ù»Rdß�@¦OE;7ÙS@·;xR%ÚË57ÙbLNRbLÇ5?B

i
å
P
LÈÙ�;ÁÙb@�R$5\8

OE;?Ùb@�ð�ÚE;\LÇQ>Ù
(i, i′)
æ

1 ≤ i < i′ ≤ n
æ�ÙSäE<>ß·RbßP;xR

S(i)
;\BED

S(i′)
;?Qb@»<C5?Ü!Ú�6Ç@CÜ!@CBhRd;?QbÛ

OE;?Ùb@JÙJåY��@CQd@?æ�ìg@½Qd@�8A@JQ�Rd5b�ø;xRdÙb5?B�ðWçgQdLÇ<>=·OE;?Ùb@�ð�ÚE;?LNQ>Ù
Ac U

;\BPD
C c G
æÂ;?Ù�ìg@J6N6,;?Ù

Rbß�@½BE5?BMðlÙWR>;\BEDE;\Q>DòOE;7ÙS@CðaÚE;?LNQ
Gc U
å��lBøRdß�@»8A5?6Ç6Ç5xì�LNB�ÝPæ¬ìg@»ì�QdLNRb@

i
P

i′
LÇBEÙSRb@J;7D

5\8
(i, i′) ∈ P Üª@�;\B�LÇB�Ý%RbßE;\R�Rbß�@ªRWì�5KOE;?Ùb@JÙ�F¬ôÖLÈö+;?BEDïF�ôALed ö�;?Qb@ª6ÇLNB�=7@JD¦Rb57Ý?@�Rdß�@CQ+OIÛ;�OË5?BPD¬åP÷E5?Q,RbßE@�Qb@�ÙWR�5\8�RbßE@�ÚE;\ÚË@CQ�æMìg@�Qd@JÙSRbQdLÈ<[R�5?ä�QÃÙb@�RÃ5?8�OE;7ÙS@CðaÚP;\LÇQdÙgRb5½Ùb@J<C5?BEDE;\QdÛ
ÙWRdQbäE<�Rbä�Qd@JÙ�ß�576ÇDMLÇB�Ý�Rbß�@g8A5?6Ç6N5xì�LÇB�ÝÃÚEQb57ÚP@JQSRWÛ�<�8A5?Q(;\BIÛÅRWìg5ÅOE;?Ùb@�ð�ÚE;\LÇQ>Ù

(i, i′)
;?BED

(j, j′)@CLNRbß�@JQ
i < i′ < j < j′

ô�fhg&,7üjiEü�g&,?ü�gEúdöÃ57Q
i < j < j′ < i′

ôkgËü�l[ú�ü-,-mxå&�,ß�@�B�@�ÙWRd@JDMB�@�ÙbÙ
<�5?BPDML9RdLN57B$;?6N6Ç5xìÃÙ�äEÙ,Rd5ªÚP;\QbRbLÈ;\6Ç6NÛ½57QdD�@CQ�Rbß�@�OP;?Ùb@JÙ,5\8(;\BG4Ã×ÅØ�å
V%â:W(Î�ÕÖÏJÕÖÑËÎ Ìon3p�Ï8Z�Ô�q�ÕÖÎ�ásr»ÐjÒ�âhÐ�tjã�u ü�ú

(S, P ) v üw+�gA)�_�`yx{z�û�ü$ÙSRd;7<>=hLÇB�Ý$5?Q>DM@CQ0�|�+ v +�lCü~}]�ef m���+ v�v 1�x�+�l�l[új0�13, P (i)
m{f�l,úAû�ü�g$�H� v ü�1�0k| v 0�g&,�l k P

l � f úAû k < i < l �i&*��Jl�0�g�ü8x
�Ã@CBP<�@?æ?ìg@�;?Qb@�;?O�6N@ÃRb5�ÚE;?QSRdL9RdLN57B!;�ÙS@�<�5?BPD�;\QdÛ�ÙSRbQdäE<[Rdä�Qb@�LÇBhRb5�ÙSRbQdäE<[Rdä�Qd@�@C6Ç@CÜ!@CBhRdÙ

ì�L9RdßKRbß�@ªÙb;?Üª@�ÙSRd;7<>=ILNB�Ý»57QdD�@CQ�åH�·@ª<C;\6Ç6¬Rdß�@CÜ 6N5I57ÚEÙCå�FI@C@�@?å ÝEåE÷�LÇÝ?ä�Qd@���8A5?Q�Hj;?QbLÇ5?äPÙ
6N5I5?Ú�BE;\Ü!@�ÙCåj÷�57Q�57ä�Q(;\6ÇÝ?5?QdLNRbß�Ü!LÈ<´;\ÚEÚ�Qb5h;?<>ß�æJìg@�ßE;jH7@�Rb5°6Ç5h57=�;xR(B�@CLÇÝ?ßIOË5?ä�QdLNBEÝ�OE;7ÙS@�Ù
OP@J6N57B�Ý?LÇB�Ý°Rb5°RbßE@ÃÙb;?Üª@,6Ç5I5?Ú�å��,ßELÇÙ(LÈÙ�;?<>ßELN@JH?@JD�OIÛ�;°8Aä�BE<�RbLÇ5?B!QbLÇÝ?ßhRÃôA6Ç@�8 R[ö�5\8¬;\B!4Ã×�Ø
(S, P )
æ¬ì�L9RdßøQbLÇÝ?ßhR

P (i) = j
LN8

(i, j) ∈ P æ�;?BED i + 1
5\Rdß�@CQdì�LÈÙS@7åË6Ç@�8 R

P (i)
LÇÙ�DM@CóEB�@�D

;\BE;?6N57Ý?5?äPÙS6ÇÛ?å&�,ß�@ª8Aä�BE<[RdLN57B·QdLÇÝ?ßhR k
P (i)
ôAQd@JÙbÚ�å�6N@C8 R k

P (i)
öÅLÇÙ�;$Ùbß�5?QbRÅRd@CQdÜ 5\8,;\Ú�Ú�6ÇÛILNBEÝ

Rbß�@KQdLNÝ7ß7R!8Aä�BP<[RbLÇ5?B ôAQd@JÙbÚ�åÂ6Ç@�8 R[ö�Rb5
i k
ð�RdLNÜ!@�ÙCå%�ï@GDM@�óEBE@$QdO�D

P (i)
ôAQd@JÙbÚ�åÂ6ÇOËD

P (i)
ö

Rb5òOË@½RdQbä�@�L98,RbßE@CQd@½LÇÙ�;GOË5?BED
i

P
i′
ôAQd@JÙbÚ�å

i′
P

i
ö�æ�8Ö;?6ÇÙb@½5\Rdß�@CQdì�LÈÙS@7åO�,ßIäEÙCæ

ìg@�<J;\B D�@JÙd<�QdLNOË@½6Ç5h57ÚEÙ�Ü»;\Rbß�@JÜ!;\RbLÈ<C;?6N6ÇÛï;7Ù�8A576N6Ç5xìÃÙCåY��@�R
(S, P )

OË@%;\BÀ4Ã×�Ø�å]�,ß�@
*(080-i¼ôÖì�QbLNRSRd@CBò6Ç5I5?Ú

(i
P

i′)
öÃì�ß�LÇ<>ßKLÈÙÃ@JBE<�6Ç57Ùb@JD$OIÛ%;»OË5?BPD

i
P

i′
LÇÙÃRbß�@�Ùb@�RÅ5\8

ÚP5hÙSLNRbLÇ5?BEÙ {r | i < r < i′ ∧ ∃k : r =
QdLNÝ7ßhR k

P (i)} å

� �oZ�ÏJÔ���Õ�Î�á&X
FIä�Ú�ÚË57Ùb@!ìg@!;\Qd@�Ý7LNH7@CBòRWì�5K4Ã×�ØÅÙ

(S1, P1)
;\BPD

(S2, P2)
å��,ß�@»Ùb@�RdÙ

V1 = {i | 1 ≤
i ≤ |S1|}

;?BED
V2 = {j | 1 ≤ j ≤ |S2|}

<�5?BhR>;\LÇBEÙ�Rbß�@�ÚË57ÙbLNRbLÇ5?BEÙ,5?8�OË5\RdßK4�×�Ø�ÙJå



V%â:W(Î�ÕÖÏJÕÖÑËÎ� �n��oZMÏ�Ô���Õ�Î�á�tjã `íÜ!;\Rd<>ß�LÇB�Ý
M v ü�ú � ü>ü�g ú � 0P)�_�`�l (S1, P1)

+�g&,
(S2, P2)

f�l�+�lCü�ú~0�|Ni$+�fh1-l
M = {(i, j) | i ∈ V1 ∧ j ∈ V2} � ûHf��dûP,7üLl���1Lf v ü�l�+{iT+�1[úDf�+�*

v f �Cü-�CúDf�0�g?|-130�� V1
új0
V2

+�g&,�l�+xúef�lh��üLl�úAû�üN|�0�*h*(0 � fhg:���-0�g!,�f úef�0�g$l�4� xy�����5�]�:���Y���P���R�B���¡  ∀(i, j) ∈M � 1 v , P1(i)⇔ 1 v , P2(j)∧ * v , P1(i)⇔ * v , P2(j)¢ x?£�¤$���¥���R�B���¡  ∀(i, j) ∈M � S1(i) = S2(j)�,ß�@´Ü»;xR><>ß�LÇB�Ý�DM@CóEB�LNRbLÇ5?B�LÈÙ�;?Ú�Ú�6ÇLN@�D°Rb5°ÙSLÇB�Ý?6Ç@�OE;7ÙS@�ÙCåjFILÇBE<�@gOE;?Ùb@JÙ�;\Qd@�ÙS57Üª@CRbLÇÜ!@JÙ�ÚE;\QbR
5\8�OP;?Ùb@�ð�ÚE;\LÇQdÙJæhìg@+Ü»;jÛ�Ùb@C@ÅRbß�@JÜ0;?Ù,äEB�L9R>Ù,Ý?LÇH?@JB$;7Ù�;?B$;7D�DMLNRbLÇ5?BE;?6¬OP57BED$<�5?BPDML9RdLN57B�<
7�å�¦ ÑËÎ�Ò�Ô7ÑPÎ�Ò´ãD§ 8A57Qª@�;?<>ß {(i, j), (i′, j′)} ⊆ M

ì�LNRbß
i

P1
i′
;\BPD

j
P2

j′
LNR

8A5?6Ç6N5xìÃÙ
S1(i) = S2(j) ∧ S1(i′) = S2(j′)

�,ß�@´Q>;\B�Ý7@�5\8ERbß�@góEQ>ÙWR(4Ã×�ØÞLÈÙ{Ý7LNH7@CB�;7Ù�Rdß�@�Ùb@�R(Q>;\B
1(M) = {i | ∃j : (i, j) ∈M} å��R�D�@JÙd<�QdLNOË@JÙ°Rdß�@!ÚE;xRbRb@CQdB·8A5?ä�BED·LÇB·Rdß�@ªóEQ>ÙWR�4Ã×ÅØÄì�ß�LÇ<>ßïLÈÙ+Ü!;\Rd<>ß�@�DGRd5%Rdß�@½Ùd;\Ü!@

ÚE;xRbRb@CQdBKLNBKRdß�@�Ùb@J<C5?BEDK4Ã×ÅØ�åËè°LÇH?@JBG;\BK@C6Ç@CÜ!@CBhR
i ∈ Q>;\B 1(M)

æEì�@�DM@JB�5\Rd@
M(i)
;?Ù

Rbß�@�äEB�LÇùhä�@J6NÛKDM@CRb@CQdÜ!LNBE@JDK@C6Ç@CÜ!@JB7R
j
ì�LNRbß

(i, j) ∈ M åPFILÇÜªLÇ6È;\Qd6NÛ7æEÝ?LÇH?@JBG;\BK@C6Ç@CÜ!@CBhR
j ∈ Qd;?B 2(M)

æ�ì�@òDM@CB�5?Rb@
M−1(j)

;7Ù!Rbß�@GäEB�LÇùhä�@J6NÛÞDM@�Rd@CQdÜ!LNB�@�D¼@C6Ç@CÜ!@CBhR
i
ì�L9Rdß

(i, j) ∈M å�,ß�@�óPQdÙSR�RWì�5¦ÚË5?LÇBhRdÙª5\8ÅRbß�@KDM@CóEB�LNRbLÇ5?B¼<C;\BÀOP@$@J;7ÙSLÇ6ÇÛÊì�QbLNRSRd@CBÀ;7Ù!;¦Ü»;xR><>ß�LÇB�Ý
Ú�Qb@�DMLÈ<C;xRd@�OP@CRWìg@J@CBKRWì�5!OE;?Ùb@JÙÃ;\R�ÚË57ÙbL9RdLN57BEÙ�L�;?BED ñ <EÜ»;xR><>ß

(i, j) = [S(i) = S(j)] ∧
[
6ÇOËD

P1(i) ↔ 6NO�D P2(j)] ∧ [
QbO�D

P1(i) ↔ QdO�D P2(j)]
åY�,ß�@�OP57BEDø<�5?BPDML9RdLN57BøÚ�Qb5xHILÈDM@JÙ�;

ÙWRdQbäE<�Rbä�Qd@�<C5?BEÙb@CQdHILNBEÝ½Qb@�ùhä�LNQd@CÜ!@JB7RÅOE;?Ùb@JDG57B¦OE;7ÙS@CðaÚP;\LÇQdÙJåT��R�<C;\B¦OP@ª@��IRb@JBEDM@�DòOIÛG;
OP57BEDK<>ß�@J<>=ILÇB�ÝªÙbäE<>ß%RbßE;\R�Rbß�@�ÚEQb@�DMLÇ<J;xRd@°5?8�Ü»;\Rd<>ß

(i
P1

i′, j
P2

j′)
LÈÙ�Ý?LÇH?@JB%;?Ù

[i
P1

i′] ∧ [j
P2

j′] ∧ [S1(i) = S2(j)] ∧ [S1(i′) = S2(j′)]
�,ß�@òÜ»;xR><>ß�LNBEÝÀ<�57BEDMLNRbLÇ5?BEÙ%;\Qd@ò;\Ú�ÚE6NLÇ@JD¼Rd5ÀÙbLNBEÝ?6Ç@òOE;?Ùb@JÙ�5?Q%OE;?Ùb@�ð�ÚE;\LÇQ>Ù»ÙS5 8Ö;\Q�å

×Ã5xì�æEì�@�ì,;\BhR�Rb5½Ü!@JQbÝ7@�OE;?Ùb@JÙÃ;?BEDKOE;7ÙS@CðaÚE;?LNQ>Ù�ÙbäE<>ßKRbßE;\RÅÙbÚP@�<�LÈ;\6�Qd@C6È;xRdLN57BEÙÃ;\Ü!57B�Ý
Rbß�@JÜ2;?Qb@!8Aä�6NóE6Ç6N@�D¬åY�,ßE@CÛïÚ�Qb5xHILÈDM@»;òDM@CóEB�LNRbLÇ5?Bø8A5?Q�Ü!;\Rd<>ß�LÇB�ÝhÙCå��ï@½Ü»;\=7@!äEÙS@�5\8�;
úD13+�gTlLf úef�0�g�úe¨©iEü�8Aä�BP<[RbLÇ5?B!57B�RWì�5+ÚP5hÙSLNRbLÇ5?BEÙ

i
;\BED

i′
ì�ß�LÈ<>ß!LÇÙ

+1
æ −1
57Q

0
D�@CÚË@CBEDMLÇB�Ý

5?B$ì�ß�@�Rdß�@CQ
i = i′ + 1

æ
i = i′ − 1

5?Q
i

P
i′
å�Ø ÚP;xRbß$LÇBK;?B%4Ã×ÅØ LÇÙ,;!Ùb@Jùhä�@CBP<�@°5\8

ÚP5hÙSLNRbLÇ5?BEÙ
i1 . . . ik

æPÙbäE<>ßKRbßP;xR�Rdß�@�OE;7ÙS@�Ù
S(il)
;\BPD

S(il+1)
8A57Q

l = 1, . . . , k − 1
;?Qb@

<�5?BEB�@J<�Rb@JD$DMä�@+Rd5!Rbß�@�OË5?BPD%<C5?BEDMLNRbLÇ5?BPÙ,5?QÃDMä�@+Rd5ªRbß�@�OE;7<>=IOP57B�@+5\8{Rdß�LÈÙÃ4Ã×�Ø�å

V%â:W(Î�ÕÖÏJÕÖÑËÎ\�ªn��oZMÏ�Ô���Õ�Î�á�«T�¬ZMÏJÔ���âhÒ�­�ZMÏ8�%tjã�u ü�ú
(S1, P1)

+�g&,
(S2, P2) v ü»ú � 0)�_�`6ly+�g&,¯®°+¯��+xú¡�>ûJfhg:� v üCú � ü>ü�g¦úAû�ü���x]`�g M ð�Ü»;xR><>ß�LNBEÝªÚP;xRbß±f�l�+¯*²f�l>ú�0k|�i$+�fh1-l

(i1, j1) . . . (ik, jk) ∈M l-�$�>ûKúAûT+\ú � x m
i1 . . . ik

f�l�+�i$+xúAû�fhg
(S1, P1) ³ ¢ x m j1 . . . jk f�l+?i$+xúAû"fhg

(S2, P2) ³ +�g&,b´5x m�|�0�1�ü-+5�dû 1 ≤ l < k
ú ûEü»úe13+�g$l-f úef�0�gÀúD¨©iEü�l¯0k|

(il, il+1)+�g&,
(jl, jl+1)

+�1büªü-µ��$+�*(xO`���+xú¡�dûHfhg:�¶f�l�<�57B�B�@�<[Rb@�D"f |+ú ûEü�1düyf�l�+
M · ��+xú¡�dûHfhg:�6iT+\ú û

v üCú � üdü�gA+�g$¨!ú � 0�iT+�fh1-l6fhg M x!`�i$+xúAûMfhgP0�g$*²¨¶0�gËü�0�|+úAû�ü�)�_�`6l��-0�gTlLf�l[úefhg:��0�|{0�gR*�¨
��+\új�>û�ü-, v +�lCüLl{f�l��-+�*h*Nü-, M ð�Ü»;xRd<>ßE@JD%ÚE;xRdßYx
×Ã5\Rd@�Rdß�@�DML('Ë@JQb@JBE<�@+OË@�RWì�@C@JBb��+xú¡�dûHfhg:��ÚE;xRdßEÙ�;\BEDA��+xú¡�dûEü©,�ÚE;\RbßEÙJå�Ø Ü!;\Rd<>ß�@�D

ÚE;xRdßÞLÈÙ»;ïÚE;xRdß¼5I<J<�ä�QdQdLNB�ÝïLÇBÞ57B�@GÙWRdQbäP<[RbäEQb@7æÂO�äMR»RbßE@CQd@GÜ�äEÙSR»B�5\R½OË@GB�@J<C@JÙdÙb;?QbLÇ6ÇÛ
;À<C5?QdQb@�ÙSÚË5?BED�LNB�Ý ÚE;xRdß LÇB*Rdß�@ø5\RbßE@CQGÙWRdQbäP<[RbäEQb@7å,÷Eä�QbRbß�@JQbÜ!5?Qd@?ægRbßE@ïQd@JÙSRbQdLÈ<[RbLÇ5?B�5\8
��+\új�>ûJfhgJ� ÚP;xRbßPÙ!Rb5ÁÙb5?Ü!@GÙWRdQbäP<[RbäEQb@ò<C6N@�;\Qd6NÛÁÚEQb5MDMäE<C@JÙ»;K��+xú¡�dûEü-, ÚP;xRbß{å´:�äMR½RbßE@
<�5?BhRdQd;?QbÛÊLÈÙ!B�5\R»RdQbäE@?åB�,ß�@JQb@ò;?Qb@$Ü»;xRd<>ßE@JDÞÚE;xRdßEÙJæÂì�ß�@CQd@$Rbß�@GLÇÜ»;\Ý?@K5?8ÅRdß�@GÚE;xRdß
ôAä�BED�@CQ�Rbß�@gÜ!;\Rd<>ß�LÇB�ÝIö�LÇÙ�B�5?R�;�ÚE;\Rbß�LÇB�Rdß�@´5?Rbß�@JQ�ÙSRbQdäE<[Rdä�Qb@7å���5�<C6Ç;?QbLN8AÛ�Rdß�LÈÙCæj<�57BEÙSLÈDM@JQ



�\µ ¸ i+1

i

i−1
j−2

j j+1

A

A
A

A

A
U

A
U

U

U A
A A

A

A

�Pµ ¸ j’
ji

i’

C

U G
C

C G

C G

C G

C G

G

A
U

¹Bº	»H¼ ¢�½¿¾TÀ e�f7¨7UWX>klXbUWijX[Z��M§�fhZ7k]Á �h�J]S¹\�M§�fhX��JfhZ�klX>]>§�fhZh��Ul�J¸bµ[�?µ ¸EmW^hX��I�C]b¹\�M§�f7X��M§�fIZ?k
i−1, i

VYk�fh§Cm´¨7UWX>klXdUWi�X[ZEµ?�Pµ ¸�mW^hX��M§�fIZ
i

P1
i′
VYk�fh§Cm�¨7UWX>klXdUWi�X[ZEµhº(^hX�����mW]b^7V9f7©°VYk�VYfIZ7VY][��mWX[Zª�x�

�7cY­hX��JfIZ�©CUWX>X>f�fh§\Z7Xdk>µ�ÂafÃ�M§JmW^Ã][�CklX>k>��mW^hX�mW^hX�]d§JUlUWX>kl¨M§JfIZ7VYf7©g�h�JklX>k�VYf�mW^hX�klX>]>§JfIZ�k�mlUW­h]dmW­?UWX
��UWX�]>§�f7fhX>]bmWX[Z�±�VnmW^ªf7§\Z7X>k�Á VYfªUWX[Z:¸�mW^I�Cm´��UWXÃfh§Jm�¨h�CUlm´§J«ËmW^hX,����mW]b^7V9f7©7µ

Rbß�@»ÙbLNÜ!Ú�6Ç@JÙSR°Ü»;\Rd<>ß�@�DòÚE;\RbßEÙJæ¬ì�ß�LÈ<>ß·;\Qd@�@�DMÝ?@�Ù!ôAOE;7<>=hOË5?BE@ª<C5?B�B�@�<[RdLN57BEÙ�57Q+OP57BED�Ù>ö
OP@CRWìg@J@CB�Ü»;\Rd<>ß�@�D»OE;?Ùb@JÙJåI:gÛ½D�@�óEB�LNRbLÇ5?B{æ7Rdß�@CÛ½;?Qb@ÅÜ»;xRd<>ßE@JD»ÚE;\RbßEÙJæIO�äMR,RbßE@CQd@�Ü!LNÝ7ßhR
B�5\R�OP@°;�Ü»;xRd<>ßELNB�Ý�ÚE;xRdß�;?ÙdÙS5M<CLÇ;\Rb@JDªì�LNRbß�åJ�,ß�LÈÙ´ßP;\Ú�ÚË@CBEÙ´8A5?QgOE;?Ùb@JÙ�ì�ß�LÇ<>ß�Ü!;?Qb=�RbßE@
Ã @JBED�Ù�Ä�5\8�Rdß�@!Ü»;xRd<>ßELNB�ÝPå��,ß�@ªRWìg5K<C;7ÙS@�ÙÃ8A57Q°OP;?<>=IOP57B�@ª@JDMÝ7@JÙ+;\BED¦OP57BED·@JDMÝ7@JÙ+;\Qd@
ÙSß�5xì�B$LÇBK÷�LÇÝ?ä�Qd@{7�å
÷�Qd5?Ü Rdß�@½DM@�óPB�L9RdLN57BEÙ�5?8gÜ»;xR><>ß�LÇB�Ý7ÙJæ�LNR�LÇÙ�BE5\R�<�6Ç@J;?Q�ì�ß�@�Rdß�@CQ�Rbß�@JÛ¦Qd@JÙbÚP@�<[R�RbßE@

OE;?<>=IOË5?B�@�57QdDM@JQJæEL�å @?å
i < i′
LNÜ!Ú�6ÇLN@�Ù

M(i) < M(i′)
å¬îÅB�@�<C;?BòÙSßE5xì�RdßE;xRÃRdß�LÈÙÃß�576ÇD�Ù

8A5?QÂ<�57B�B�@J<�Rb@�D�Ü»;xR><>ß�LNBEÝ7ÙJåjFILÇBE<C@gì�@gì�LÇ6Ç6hQd@JÙSRbQdLÈ<[R(5?ä�Q>ÙS@J698MRd5ÅÜ»;\Rd<>ß�LÇB�Ý7Ù{RbßP;xRÂÚ�Qd@JÙb@CQdH?@
OP57BED�Ùg6Ç;\Rb@CQ�æI;\BED!Rdß�@°Ú�Qb5I5?8ÖÙ´;\Qd@ÅÙbLÇÜªÚE6N@JQ´8A57Q´Rdß�@JÙb@�=ILÇBED»5\8�Ü!;\Rd<>ß�LÇB�ÝhÙCæ7ìg@Å5?Ü!L9R�RbßE@
Ú�Qb5I5?8�8A5?Q�RbßE@ÅÝ7@CB�@JQd;?6Ë<J;?Ùb@�ß�@JQb@7å:�ï@°RbQd@J;\R�57B�6NÛ!Rdß�@+ÙSLÇÜ!Ú�6N@�<J;?Ùb@Ã8A5?Q,Ú�Qd@JÙb@CQdHILNBEÝ�RbßE@
ÙWR>;?<>=ILNBEÝ�57QdDM@JQ�8A5?QÃÝ7@CB�@JQd;?6�<C5?B�BE@J<[Rd@JD%Ü»;xRd<>ßELNB�ÝhÙCå

­+ÐjÑRÅ´Ñ&XJÕÖÏJÕ�ÑPÎ ÌPãyu ü�ú
(i1, j1) . . . (ik, jk) ∈ M v ü¶+���+\új�>ûJfhgJ�?i$+xúAûTx6zËûEü�g ú ûEü�iT+\ú ûi&1bü�lCü�1LÆxüLl°ú ûEü61bü�*(+xúefhÆxü6l[új+5�©2�fhg:�¶0�13,7ü�1 � f�x ü�x5|�0�1y+�*h* 1 ≤ r ≤ k � ü�ûT+�Æjü{l>ú¡0�1©, P1(i1)−l>ú¡0�1©,

P2(j1) =
l[új0�13,

P1(ir)−
l[ú¡0�13,

P2(jr)
x

Ç ÈªÑPÎ�Ò\­+ÐxâJXJâhÐ�É�ÕÖÎ�á"�oZMÏJÔ���ÕÖÎ�á
Ø�Ùª÷�LÇÝ?äEQb@�7\OÁLÇBEDMLÈ<C;\Rb@JÙJæ(;òÜ»;xR><>ß�@JDÊOË5?BPD

i
P1

i′
ì�ß�LÈ<>ß DM5I@JÙ�B�5\R»<�57QbQd@JÙbÚË5?BED

Rb5Ê;¦Ü»;\Rd<>ß�LÇB�ÝøÚE;xRdßÀ57B�6ÇÛÊ5I<J<�ä�Q>ÙªL98+ì�@%ßE;jH7@$;ïÙSRb@CÜ LNBÞRbßE@%óPQdÙSR!ÙSRbQdäE<�Rbä�Qd@$RbßE;\R
LÇÙ�Ü»;xRd<>ßE@JDøRd5·;òÜ�ä�6NRbLÇÚ�6N@$6Ç5h57ÚÊLNB Rbß�@KÙb@J<�57BEDÊÙSRbQdäE<[Rdä�Qb@ïôA57Q�HILÇ<C@�H7@CQ>Ùb;hö[åY�,ßELÇÙ�LÇÙ
O�LN576N57Ý?LÈ<C;?6N6ÇÛ�ä�BIì,;\BhRb@�D¬æ7ÙbLÇBE<�@ÃLNR,LÇÙ´H?@CQdÛªä�B�6ÇLN=7@C6ÇÛ�RdßE;xRgRbß�LÈÙ´ÚP;xRSRd@CQdB�<�57ä�6ÈD!ßE;jH?@ÃOË@C@JB
Ý?@CBE@CQ>;xRb@�DÁOIÛ @JH?576NäMRdLN57B�åÂ÷�57Q!RbßE;\R½Qb@�;?Ùb5?B�æ(ì�@K;?Qb@$LÇB7Rd@CQd@JÙSRb@�D LÇB¼Ü!;\Rd<>ß�LÇB�ÝhÙªRbßE;\R
Ú�Qb@�ÙS@JQbH7@ÅOË5?BPD�ÙCå

V%â:W(Î�ÕÖÏJÕÖÑËÎKÇÊn�ÈªÑPÎ�Ò�Ë-­+Ðxâ:X�âhÐ�É�ÕÖÎ�áÊ�oZMÏJÔ���ÕÖÎ�á!txã `Ì�©0�g$g�ü©�Cúlü©,^��+xú¡�>ûJfhg:�
M

f�l
l�+�f�,»ú¡0 v ü v 0�g!, · i!1büLlCü�1LÆ8fhgJ��f |�ü�Æjü�1L¨���+xú¡�dûEü©, v 0�g&,�fhg P1

0�1
P2

f�l{+�*;l�0¶+���+xú¡�dûHfhg:�
iT+\ú û � f�x ü8x%f | {(i, j), (i′, j′)} ⊆M +�g&,

i
P1

i′ � úAû�ü�g j P2
j′ � +�g&,¯Æ8f��>ü�Æjü�1-l�+�x

�lBøRbß�@�8A5?6Ç6N5xì�LÇB�ÝEæ{ìg@½ì�LÇ6Ç6�<C5?BEÙbLÇD�@CQ�OË5?BPDIðaÚEQb@�ÙS@JQbHILÇB�ÝKÜ!;\Rd<>ß�LÇB�ÝhÙCåY�·@�Ùd;jÛ·RbßE;\R
; <�57B�B�@�<[Rb@�D¬æ�OP57BEDIð�Ú�Qb@�ÙS@JQbHILÇB�ÝÊÜ»;xR><>ß�LNBEÝ

M
LÈÙb��+�Í5fh��+�*h*�¨ëü3Í7úlü�g!,?ü-,xæ�LN8�Rbß�@JQb@·LÇÙ

B�5
M ′
ÙSäE<>ßøRdßE;xR

M ( M ′
å]�·@$;\Qd@½LNBhRd@CQd@JÙSRb@JDøLÇBÊóEBPDMLNBEÝ¦;\6Ç6ÅôÖB�5?BMð�5xH?@JQb6È;\ÚEÚ�LNBEÝhö

Ü!;��MLNÜ»;\6Ç6ÇÛ$@��IRb@CBPDM@JD¦Ü!;\Rd<>ß�LÇB�ÝhÙCå�÷�57Q�Rdß�LÇÙ°Ú�äEQbÚË57Ùb@?æËìg@ªB�@J@JDKRd5$Ùbß�5xìõÙb5?Ü!@�Ú�Qd5?Ú�ð
@CQbRbLÇ@JÙJåT�·@�ÙWR>;\QbRÃì�L9Rdß¦;!Ú�Qd5?ÚË57ÙbL9RdLN57B�RdßE;xRÅ;?6N6Ç5xìÃÙ�äEÙ�Rb5�DM@�<�57ÜªÚË57Ùb@+RbßE@�Ú�Qd5?O�6Ç@CÜ05\8



óEBEDMLÇB�Ý%;½Ü!;��MLNÜ»;\6Ç6ÇÛ�@��IRd@CBEDM@�DGÜ»;xR><>ß�LNBEÝ½LNBhRd5�ÙSäEO�Ú�Qd5?O�6Ç@CÜ»ÙÃ5?8(óEBEDMLÇB�Ý�Ü»;��ILÇÜ»;\6Ç6NÛ
@��IRb@JBEDM@JDò6N5I5?ÚGÜ»;\Rd<>ß�LÇB�Ý7ÙJå$�,ß�@�B�@��IR�ÚEQb57ÚP5hÙSLNRbLÇ5?BGÙbß�5xìÃÙ�RdßE;xRÃRdß�@�OP;?<>=IOP57B�@�5?Q>DM@JQ
LÇÙ°Qd@JÙbÚP@�<[Rb@�D¬å¬ØÃBEDòRbß�@ªRdß�LNQ>DòÚEQb57ÚP5hÙSLNRbLÇ5?B¦Ùbß�5xìÃÙÃRbßE;\R+LN8´ì�@ªD�5�B�5?R°@��M<C@C@�D¦;½6Ç5I5?Ú�æ
Rbß�@JB·Ü»;��MLÇÜ»;\6Ç6NÛK@��IRd@CBEDM@�D¦Ü»;\Rd<>ß�LÇB�Ý7ÙªôALÇB·Rbß�LÈÙ+6N5I57ÚPö�;?Qb@�ä�B�LÈùhä�@C6ÇÛ¦DM@CRb@CQdÜ!LNBE@JDòOIÛ
5?B�@+@C6Ç@CÜ!@JB7R�å

­+ÐjÑRÅ´Ñ&XJÕÖÏJÕ�ÑPÎ\ ¬ãyu ü�ú
i, i′ ∈ *(0�0©i

(r
P1

s) � +�g&,K*Çü�ú M v ü/+ v 0�g&, · i!1bü�l�ü�1LÆ�fhg:���+\új�>ûJfhgJ� � f ú û {(i, j), (i′, j′)} ⊆ M
x?z�û�ü�gÎ+�g$¨blbûT0�1[úlü�l>ú{��+xú¡�>ûJfhg:��iT+\ú û v ü�ú � ü>ü�g

(i, j)
+�g&,

(i′, j′)
�Jl�ü�l�0�gR*�¨�ü�*Çü��»ü�gPú�ly0�|y*(080-i

(r
P1

s) ∪ {r, s} x
­+ÐjÑRÅ´Ñ&XJÕÖÏJÕ�ÑPÎK�ªn�È?Z�Ô�q ¦ ÑPÎ�âÏr»ÐjÒ�âhÐ�tjãbu üCú

M v üK+Ð�©0�g$g�ü©�Cúlü©,���+\új�>ûJfhgJ� � +�g&,
(i, j), (i′, j′) ∈M x�z�û�ü�g

i < i′
f |�+�g!,¶0�gR*�¨�f |

j < j′
x

­+ÐjÑRÅ´Ñ&XJÕÖÏJÕ�ÑPÎ^Ç{ãyu ü�ú
i

P1
i′
+�g&,

j
P2

j′ v üÃú � 0 v 0�g&,�l � +�g!,6*NüCú r ∈ *(0�0©i (i P1

i′)
+�g&,

s =
*(0�0©i

(j
P2

j′)
x u üCú

M,M ′ � f ú û i, i′ 6∈ 13+�g
1(M) ∪ 13+�g 1(M ′)

+�g&,
(r, s) ∈ M ∩M ′ x{z�û�ü�g/13+�g 1(M) ∪ *(0�0©i (i P1

i′) =
13+�g

1(M ′) ∪ *(0�0©i (i P1
i′)+�g&,¯13+�g

2(M) ∪ *	080-i (j P2
j′) =

13+�g
2(M ′) ∪ *(0�0©i (j P2

j′)
x

Ñ VwÒ�ÎYZ$ÓÁÕÖÔM­+ÐxÑPáPÐ�ZTÓ#ÓÁÕ�Î�áb�oZMÏCÐxÕ�Ô?âJX
�·@�ì,;\BhR�Rb5ÃóEBED+;\6Ç6\B�57BMða5xH7@CQd6Ç;?Ú�Ú�LÇB�ÝEæ>Ü»;��MLÇÜ»;\6Ç6NÛÃ@��IRb@CBPDM@JD¬æJOP57BEDIð�Ú�Qd@JÙb@CQdHhLÇB�Ý�Ü»;xRd<>ß�ð
LNB�ÝhÙCåË÷�57QÃ5xH?@JQb6È;\Ú�ÚELNB�Ý!Ü»;xR><>ß�LÇB�Ý7ÙJæEì�@�<>ß�5I57Ùb@+Rbß�@�5?B�@�ì�L9RdßGÜ!;��MLNÜ»;\6�ÙSL	�C@7å$��8(RbßE@CQd@
;\Qd@°5xH7@CQd6Ç;?Ú�Ú�LÇB�Ý�Ü»;\Rd<>ß�LÇB�Ý7Ù,5?8{Rdß�@�Ùb;?Ü!@+ÙbL	�C@?æIRdß�@CBK57B�6NÛ�5?B�@�LÈÙ�ÙS@J6N@�<[Rd@JD¬å

�·@ªäEÙb@�;$DMÛIBE;\Ü!LÈ<�Ú�Qd5?Ý7Qd;?ÜªÜ!LÇB�Ý�;?Ú�Ú�Qd57;?<>ßGOIÛ$óE6Ç6NLÇB�ÝK;½Ü»;xRdQbL(�
M(r, s)

æ¬ì�LNRbß
Rbß�@+8A576N6Ç5xì�LNBEÝ�LÇBhRb@CQdÚ�Qd@�R>;xRbLÇ5?B{åH�·@�DM@CóEB�@�;?B%57QdDM@JQ ≺ 5?BK@J6N@JÜª@JBhRdÙ�;?Ù�8A576N6Ç5xìÃÙ8<

i ≺ j ≡
{
i < j

L98ÂÙSRb5?Q>D
P1(i) =

ÙWRd5?Q>D
P1(j)ÙSRb57QdD

P1(i) <
ÙWRd5?Q>D

P1(j)
5\Rdß�@CQdì�LÇÙb@

÷�5?Q�ÚP;\LÇQdÙ
(r, s)
;\BED

(k, l)
ì�@+D�@�óEB�@

(r, s) ≺ (k, l)
LN8(;?BED$5?B�6ÇÛ½LN8

r ≺ k åR�,ß�@CB

M(r, s) = max





ÿ2LÇÙ�;ªÜ»;��MLÇÜ!;?6N6ÇÛ½@��hRd@CBED�@JD$Ü»;xRd<>ßELNB�Ý
|M | ì�L9Rdß (r, s) ∈M ;\BPD�Rdß�@CQd@+LÇÙÃB�5

(r′, s′) ∈M ì�L9Rdß (r′, s′) ≺ (r, s)





<�5?BhR>;\LÇBEÙ,RbßE@�ÙbL(�J@�5\8�;\B¦Ü!;��MLNÜ»;\6{Ü!;\Rd<>ß�LÇB�ÝPåP÷�57QÅÙbLNÜ!Ú�6ÇLÈ<�LNRWÛ?æEì�@�;7ÙbÙbä�Ü!@�RbßE@�Ü»;��MLNð
Ü�ä�Ü3Hx;\6Çä�@�5xH7@CQÃ;?Bò@CÜ!ÚMRWÛGÙb@�RÃRd5�OË@

0
å�×Ã5?Rb@�RdßE;xRÅRbß�@ªÙSL	�C@�LÇÙÅÙWRd5?Qd@JDK57B�6NÛ%8A5?QÅRbßE@

6N@C8 RSð�Üª5hÙWR�æ�OË5\RSRd5?Üªð�Üª5hÙWR�ÚE;?LNQ
(r, s)
LNB
M
å�÷�57Q�<C;?6Ç<Cä�6Ç;\RbLÇB�Ý

M(r, s)
æ¬ìg@»ì�LÇ6N6�;7D�DMLNð

RbLÇ5?BE;?6N6ÇÛøB�@C@�D ;\äT�ILÇ6ÇLÇ;?QbÛïÜ»;xRbQdLÈ<�@JÙ
Mr Ô end æ M bb ;?BED Mrb æ(ì�ß�LÈ<>ß ;\Qd@%D�@�óEB�@�D ;7Ù

8A5?6Ç6N5xìÃÙJå

V%â:W(Î�ÕÖÏJÕÖÑËÎ�Ñ�n�Õ�ÓYÖ�Õ�×�Õ�ZMÐ�ÒK�oZMÏJÐjÕ�Ô?âJX�tjãau üCú
R1 = (S1, P1)

+�g&,
R2 = (S2, P2) v ü

ú � 0�)�_�`�l�x u üCú r �e1düLlei�x s m v ü�+�g%ü�*Nü��»ü�gEúY0k|N*	080-i (i P1
i′)

�j1bü�lei�xR*(0�0©i
(j

P2
j′)
m�x



zËûEü�g
M loop
≺ (r, s)

f�lgú ûEüNl-f(Ø�ü~0k|´úAû�üN��+�Í5fh��+�*J��+\új�>ûJfhgJ� � f ú ûHfhg»ú ûEüa*	080-iRlgúAûT+\úO�-0�gEú¡+�fhg
(r, s) � +�g&,¯f�l�ü3Í7úlü�g!,?ü-,»ú¡0!úAû�ü�1Lf²��ûMú~0�1�+ v 0�Æxü (r, s) � f�x ü8x

M loop
≺ (r, s) = max





M ⊆ [i..i′]× [j..j′]
f�ly+w�-0�g$g�ü-��úlü-,

|M | ��+xú¡�dûHfhg:� � f ú û (r, s) ∈M +�g&,
∀(r′, s′) ∈M\{(i, i′), (j, j′)} : (r, s) � (r′, s′)





ÙLgP+5,�,�f úDf�0�g �N� ü?,?üD�Bg�ü¿|�0�1�ü�Æjü�1L¨ i, j lL�$�dûGú û$+xú i P1
i′
+�g&,

j
P2

j′
úAû�ü���+\úD1Lf²Í

ü�*Nü��»ü�gPú
M bb(i

P1
i′, j

P2
j′)
új0 v ü!úAû�ü?��+�Í5fh��+�*%��+xú¡�dûHfhg:�KúAûT+\ú���+\új�>û�ü�l�úAû�ü

v 0�g&,�l i P1
i′
+�g&,

j
P2

j′ � f�x ü�x

M bb(i
P1

i′, j
P2

j′) = max





M ⊆ [i..i′]× [j..j′]
f�l�+

|M | �©0�g$g�ü©�Cúlü©,¯��+\új�>ûJfhgJ� � f úAû
(i, j) ∈M ;?BED (i′, j′) ∈M





ÙLgs+5,�,�f úef�0�g ��� üP,?üD�BgËü Mrb(i
P1

i′, j
P2

j′)
új0 v ü¦ú ûEü���+�Í5fh��+�*���+xú¡�dûHfhg:��©0�gEú¡+�fhgRfhg:��ú ûEüy1Lf²�jûIúOiT+�1[úDg�ü�1-l

i′
+�g&,

j′
0k|+ú ûEü v 0�g!,�l�0�gR*�¨ � f�x ü�x

Mrb(i
P1

i′, j
P2

j′) = max





M ∈ [i+ 1..i′]× [j + 1..j′]
|M | f�l�+¶�-0�gRgËü-��úlü-,���+xú¡�dûHfhg:�

� f ú û (i′, j′) ∈M





�,ß�@�óEQ>ÙSRÅÚ�Qd5M<�@JD�ä�Qb@ª<C;?6Ç<Cä�6Ç;\Rb@�Ù
M loop
≺ (r, s)

8A57Q°;�Ü!;\Rd<>ß�LÇB�Ý%5\8ÂRWì�5�6Ç5h57ÚEÙ°;?ÙdÙS5?ð
<�LÈ;xRb@�Dòì�LNRbß·Rbß�@!OË5?BEDEÙ

i
P1

i′
;\BED

j
P2

j′
æ¬Ý7LNH7@CB¦RbßE;\R

M loop
≺
æ
M bb ;\BED Mrb

LÇÙÅ;\6ÇQb@�;?DMÛ$<C;\6È<�äE6Ç;\Rb@JD%8A57QÅ;\6Ç6{OË5?BPD�Ù�RdßE;xRÅ;?Qb@�<C5?BhRd;?LNBE@JDKLÇBKRbß�@�RWì�5½6Ç5I5?ÚEÙJåE÷�57QÅ<J;\6Nð
<�ä�6È;xRdLNB�Ý

M bb(i
P1

i′, j
P2

j′)
æ�ì�@$äPÙS@ò;7D�DMLNRbLÇ5?BE;?6Ã;\äH�MLÇ6NLÈ;\QdÛÊHx;\QdLÇ;?O�6N@�ÙCåB�,ßE@

Hj;?QbLÈ;\OE6N@
RDist

ÙSRb57Qb@�ÙÃRdß�@!6N5I5?Ú·DMLÇÙSRd;?BE<�@�Rb5$Rdß�@�QdLÇÝ?ßhRSð�@CBED¦5\8�Rdß�@!6N5I57Ú�å&�,ßIäEÙJæ�8A5?Q
Ý?LÇH?@CB

RDist
æhìg@+<�57BEÙSLÈDM@JQ´@C6Ç@CÜ!@JB7R>Ù

r
;\BED

s
ì�ßELÇ<>ß%ßE;jH?@�D�LÇÙSRd;?BE<�@

RDist
Rd5
i′
;?BED

j′
æËQb@�ÙSÚË@J<�RbLÇH?@C6ÇÛ?å&��5I5?=ILÇB�Ý!8AQd5?Ü0Rbß�@�QbLÇÝ?ßhR�@JBED

(i′, j′)
5\8(Rdß�@�6Ç5I5?ÚKRbßELÇÙÅLNÜ!Ú�6ÇLÇ@JÙ�RbßE;\R

r =
6Ç@�8 R RDist

R1
(i′)
;?BED

s =
6Ç@�8 R RDist

R2
(j′).÷�LÇQ>ÙWR�æ�ìg@»BE@C@JDïRd5ò=IB�5xì�ì�ßE@�RbßE@CQ�Rdß�@CQd@»LÈÙ�;KÜ»;xR><>ß�LNBEÝò<�5?BEB�@J<�RbLÇB�Ý

(r, s)
ì�L9Rdß

Rbß�@�QdLNÝ7ßhR,@JBED�Ù,5?8�Rdß�@�6N5I57Ú
(i′, j′)

<

Reachr Ô end(RDist) =





RbQdä�@ LN8 ∃ <C5?B�B�@�<[Rd@JD$Ü»;xRd<>ßELNB�Ý M ⊆ [i..i′]× [j..j′]ì�LNRbß
(r, s) ∈M ;\BED (i′, j′) ∈M8Ö;\6ÈÙS@ 5?Rbß�@JQbì�LÈÙS@

ô��jö

FILNBP<�@½ì�@�DM57B�d R�B�@C@�DïRbß�@½Ü»;\RbQdL²�ï@CBhRbQdLN@�Ù�;?BhÛ¦8Aä�QbRbß�@JQJæ�ìg@»57B�6NÛøÙSRb5?Qd@!RbßE@�<�ä�QdQd@CBhR
Hj;?6NäE@�LNB$RbßE@�Hj;?QbLÈ;\OE6N@

Reach
åH�lBG;?D�DMLNRbLÇ5?B{æMìg@�ÙSRb57Qb@°RbßE@�ÙSL	�C@�5?8{RbßE@�Ü»;xRd<>ßELNB�ÝªRdßE;xR

äEÙS@�D*LÇB*Rdß�@ïD�@�óEB�LNRbLÇ5?B 5\8
Reachr Ô end(RDist) å���8 Reachr Ô end(RDist) LÇÙ�8Ö;\6ÈÙb@?æRbß�@JBõìg@ äEÙS@ÁRbß�@ ÙbL	�C@Á5?8ªRdß�@ 6È;?ÙSR¦@JB7RdQbÛ

Reachr Ô end(RDist′) ì�L9Rdß RDist′ <
RDist

;?BED
Reachr Ô end(RDist′) = true

å���@J<>ßEB�LÇ<J;\6Ç6NÛ7æ�Rbß�LÈÙ(LÇÙ(;7<>ß�LN@JH?@�D�OIÛ�;\Bª;\QdQd;jÛ
Mr Ô end(RDist) ì�LNRbß

Mr Ô end(RDist) = max





M ⊆ [i..i′]× [j..j′]
LÇÙ�<�5?BEB�@J<�Rb@JD%Ü»;xR><>ß�LNBEÝ

|M | ì�L9Rdß (i′, j′) ∈M ;?BED½8A57QÃ;\6Ç6 (r′, s′) LÇB
M\{(i, i′), (j, j′)} ì�@+ßE;jH?@ (r, s) � (r′, s′)




ô�ý7ö



Ú Û%âhÔ7Ó{Ð�X�ÕÖÑËÎKÜ�Ý¬Ó]ZMÏJÕ�ÑPÎ]X
�,ß�@·;?äH�MLN6ÇLÇ;?QbÛÀÜ»;xRbQdLÈ<�@JÙ%;\BEDë;?QbQ>;jÛMÙ»<C;?B*OP@·@J;7ÙSLÇ6NÛ¼<C;?6Ç<Cä�6È;xRb@�D¼HILÇ;øRdß�@ò8A576N6Ç5xì�LÇB�Ý
Qb@�<�ä�Q>ÙSLÇ5?B%@JùhäE;\RbLÇ5?BEÙJå�÷�57Q

M loop
≺ (r, s)

ì�@°ßP;jH?@

M loop
≺ (r, s) =

ôD77ö




M bb(r, s) +M loop
≺ (r′ + 1, s′ + 1)

LN8�Ü»;xR><>ß
(r

P1
r′, s

P2
s′)

Mrb(r, s) +M loop
≺ (r + 1, s+ 1)

@C6ÈÙS@�LN8�QdO�D
P1(r) ∧ QdOËD P2(s) ∧ Ü!;\Rd<>ß (r, s)

1 +M loop
≺ (r + 1, s+ 1)

@C6ÈÙS@�LN8�Ü»;\Rd<>ß
(r, s)

0
5?Rbß�@JQbì�LÈÙS@

×Ã5?Rb@KRdßE;xR�LN8
r
;\BED

s
;?Qb@KRdß�@ò6Ç@�8 R

s’r r’
r+1

s
s+1G G

A
G

A

G

C

G

A

G

G

A

U

C
A

G

G

C

à Õ�áPÓ�Ðxâ~Ç{ã G%�IRb@JBEÙbLN57B�Rd5»B�@��IR�6N5I57Ú�å

@CBPD�Ù�5\8,Rdß�@»OP57BED�Ù
r

P1
r′ ∧ s P2

s′
æ�O�äMR�Rdß�@½OË5?BED�Ù�;\Qd@ªBE5\R�Ü»;xR><>ßE;\OE6N@7æ
RbßE@CBòRdß�LÈÙÅ<J;?Ùb@�LÈÙÅ<C5xH?@CQd@JD$OIÛ$Rbß�@�RbßELNQ>D
<C;7ÙS@7åT�Ã@JQb@7æ

r + 1
;\BPD

s+ 1
;?Qb@�g&0\ú,LNB

RbßE@·Ùd;\Ü!@¦6Ç5I5?Ú*;?Ù
r, s
å��,ß�@CQd@�8A57Qb@7æ�ìg@

<�57BEÙbLÇDM@JQ+Rbß�@%<C;?Ùb@!ì�ß�@CQd@!RbßE@½Ü»;��MLNÜ»;?6
Ü»;xR><>ß�LNBEÝ�@��IRb@JBED�ÙÂRd5�RbßE@�B�@��hRg6N5I5?Ú»HILÈ;

Rbß�@�6Ç@�8 RÃ@JBED�Ù,5\8�RWì�5ªOË5?BPD�ÙCåT�,ßELÇÙ�<J;?Ùb@°LÈÙ�DM@JÚ�LÇ<�Rb@�D%LÇBG÷�LNÝ7ä�Qb@6IPå
r
;\BPD

s
D�5ªÜ»;\Rd<>ß�æ

ì�ß�@CQd@J;7Ù´Rdß�@+OP57BEDMLÇB�Ý!ÚE;\QbRbBE@CQ>Ù
r′
;?BED

s′
DM5!B�5?R�Ü!;\Rd<>ß�åH�,ß�@�<Cä�QbQd@CBhRd6NÛ½<C5?BEÙbLÇD�@CQd@JD

6N5I5?Ú!LÈÙ�@JBE<�LÇQd<C6N@�D¬å7FILÇBE<C@
r+1
;\BED

s+1
LNBªRdß�@�<�57BhRbLÇÝ?ä�57äEÙÂ6Ç5h57Ú»DM5�Ü»;xRd<>ß{æ?ì�@�=hBE5xì

RbßE;\RÃìg@�<C;?B$<J;\6È<�ä�6È;xRd@
M loop
≺ (r, s)

Qd@J<�äEQdÙbLNH7@C6ÇÛ»OIÛ�<C;?6Ç<Cä�6Ç;\RbLÇB�Ý
M loop
≺ (r + 1, s+ 1)

å
�,ß�@+B�@��IR�ÙSRb@CÚKLÈÙ�Rb5½DM@CóEB�@°RbßE@�;\äH�MLÇ6NLÈ;\QdÛ½;\QdQd;jÛMÙ

Reachr Ô end(RDist) ;?BED
Mr Ô end(RDist) 8A57Q°;½Ý?LÇH?@CBG6Ç5I5?Ú�å RDist LÈÙÃRdß�@!DMLÇÙSRd;?BE<�@�Rb5½Rdß�@�QdLÇÝ?ßhRÅ@JBEDG5\8ÂRdß�@<�6Ç57ÙbLNB�Ý$OË5?BED¬å�çg57BEÙbLÇDM@JQ+Rbß�@»<J;?Ùb@�ì�ß�@JQb@!ì�@�ì,;\BhR+Rb5KÜ»;xR><>ß¦RWì�5$6N5I5?ÚPÙ°;7ÙbÙb5M<�LÈ;xRd@JD
ì�L9Rdß%Rdß�@+OP57BED�Ù

i
P1

i′
;?BED

j
P2

j′
åT�{@�R

len
OË@+Rbß�@�Ü!LÇB�LNÜ�ä�Ü-5?8�Rdß�@°RWìg5ª6N5I57Ú

6N@JB�Ý\RdßEÙCæ�;?BED
0 ≤ RDist < len

åT�,ßE@CB

Reachr Ô end(0) =

{
true

LN8�Ü»;\Rd<>ß
(i′, j′)

false
5\Rdß�@CQdì�LÈÙS@ ;\BED

Mr Ô end(0) =

{
1
L98(Ü»;xRd<>ß

(i′, j′)

0
5\RbßE@CQdì�LÇÙb@

÷�5?Q
1 ≤ RDist ≤ lenmin

æ�6Ç@�R
r =
6N@C8 R RDist

R1
(i′)
;\BPD

s =
6Ç@�8 R RDist

R2
(j′)
OP@�RbßE@�RWì�5

ÚP5hÙSLNRbLÇ5?BEÙ´ì�L9Rdß%DMLÈÙSRd;\BP<�@
RDist

Rb5�Rdß�@ÅQdLÇÝ?ßhR´@CBPD»5\8¬Rdß�@Å<C5?BEÙbLÇD�@CQd@JD!6Ç5h57ÚEÙJå5�,ß�@JB½ìg@
5?OMR>;\LÇB

Reachr Ô end(RDist) = Reachr Ô end(RDist− 1) ∧ Ü»;\Rd<>ß (r, s)

Mr Ô end(RDist) =

{
M loop
≺ (r, s)

L98
Reachr Ô end(RDist)

Mr Ô end(RDist− 1)
5?Rbß�@JQbì�LÈÙS@

.

�,ß�@ÂÜ»;xRbQdL(�
Mrb(i

P1
i′, j

P2
j′)
Rdß�@CB+LÈÙ{ÙbLNÜ!Ú�6ÇÛ

max
0≤Rdist<lenmin

{
Mr Ô end(RDist)

} å
÷�5?QÅRbßE@

M bb Ü»;xRdQbL(�¬æERdß�@CQd@ª;?Qb@�RWìg5$DML('Ë@JQb@JB7R�<C;7ÙS@�Ù�;7Ù°Ùbß�5xì�BòLÇB·÷�LÇÝ?ä�Qd@?9�å!�lBòRbßE@
óEQdÙSRg<J;?Ùb@Ã;�ånö[æ\Rdß�@Ã@��hRd@CBEÙbLÇ5?BEÙ(8AQd5?Ü RbßE@ÃLNBEL9RdLÇ;?6EÜ»;xR><>ß�LNBEÝ

(i, i′)
Rb5+Rdß�@�QdLÇÝ?ßhRJæ?;?BEDªRbßE@

@��IRb@JBEÙSLÇ5?B$8AQd5?Ü
(j, j′)
Rb5!Rdß�@�6Ç@�8 RÅD�5»B�5\RÃ5xH7@CQd6Ç;?Ú�æMì�ß�@CQd@J;7Ù�Rbß�@JÛ$D�5»5xH?@CQd6È;\Ú�LÇBKRbßE@

ÙS@�<�5?BPD$<J;?Ùb@�OPö�åP÷�57QÃRdß�@�Ùb@J<�57BEDK<C;7ÙS@7æEì�@�DM5½B�5?R�=IB�5xì @���;?<[Rd6NÛ$ß�5xì Rb5½Ü»;\Rd<>ßKRbßE@
5xH?@CQd6È;\Ú�Ú�LÇB�ÝÃÚP;\QbRJå��Ã@CBP<�@?æxì�@´ßP;jH?@�Rd5°<C5?BEÙbLÈDM@CQ(;\6Ç6IÚP5hÙbÙbLNOE6N@6���MúDlgLÇB�Rdß�@�ÙbÜ»;\6Ç6N@JQ�6Ç5I5?Ú�æ



�?µ ¸

i i’

U

G

A

G

A
A

C

G

C

C

A

C

G

A
A

C

C

G

G

C

G

C

j’j

U

G

A

G

G

C

C

G

C

G

C
CG

C G

A

CC
C A

C

C
A

�Pµ ¸

i i’

CUT

U

G

A

C

G

C C

GC

G

CC

G A

CC

A

j’j

U

G

A

C

A

AA

A
A

C
C C

G

GC

C

G

C

C

G

CG

C G

¹Bº	»T¼ ¢�½NÞ$À º(^7X,ma±�§+¨M§�klklVY�hcYXÃ][�CklX>k´«Ç§JU
Mrb(i

P1
i′, j

P2
j′)

Ü!;?Qb=ILÇB�Ý½Rdß�@½<�57QbQd@JÙbÚË5?BEDMLÇB�Ý½@JBED�Ù+5?8�Rbß�@»@��IRb@CBPÙSLÇ5?BEÙ�8AQd5?Ü Rdß�@!6N@C8 R+@JBED�Ù�;?BEDG8AQd5?Ü
Rbß�@ªQbLÇÝ?ßhR°@CBED�Ù°5?8�Rbß�@ª6Ç5h57Ú�å!�,ß�@�@��IRb@CBPÙSLÇ5?BEÙ�8AQd5?Ü3RbßE@�QdLNÝ7ßhRÅ@CBPD�Ù+;\Qd@�;\6ÇQd@J;?D�Û$<J;\6Nð
<�ä�6È;xRd@JD»LÇB½Rdß�@

Mr Ô end Ü»;\RbQdL²�¬å�îÅB�6NÛª8A57Q´Rdß�@°D�@�óEB�LNRbLÇ5?B�5\8�Rdß�@ÅQd@J<Cä�Q>ÙSLÇ5?B»@�ù7äP;xRbLÇ5?B{æ
ìg@�DM@CóEB�@

M l Ô end(LDist) ;?BED Reachl Ô end(LDist) ;?BE;\6Ç5?Ý75?äEÙb6ÇÛ!Rb5»@JùhäE;\RbLÇ5?BEÙ�ô�ý?ö;\BED·ô���ö�æIQb@�ÙSÚË@J<�RbLÇH?@C6ÇÛ?åI÷�57Q´Rdß�@+LNÜ!Ú�6Ç@CÜ!@JB7R>;xRdLN57B�æIìg@ÅB�@C@�D»Rb5!ÙSRb5?Qd@�57B�6ÇÛ!Rbß�@+<�ä�QdQd@CBhR
Hj;?6NäE@JÙ

M l Ô end ;?BED Reachl Ô end å×Ã5xì 6N@CR
leni,i′

ôÖQb@�ÙSÚ
lenj,j′
ö�OË@ | 6N5I57Ú (i P1

i′)| ôÖQb@�ÙSÚ{å | 6N5I5?Ú (i P1
i′)| ö�æP;?BED6N@CR

lenmin = min{leni,i′ , lenj,j′}
åR�,ß�@CB$ìg@�ßP;jH?@

M bb(i
P1

i′, j
P2

j′) = max

0 ≤ LDist < LenMinß&à áDâ¿ã�à ä©â-á LDist
P1

(i) à å&æ�ç3áèBé êjë á ê æ�ì¿ç ëJè%í ç3æ8ì

{
M l Ô end(LDist) +M r Ô end(RDist)

}

ôîIIö
ì�ß�@CQd@

RDist = leni,i′−LDist
LN8
lenmin = leni,i′

æ?;\BPD
leni,i′+(leni,i′− lenj,j′)−

LDist
5?Rbß�@JQbì�LÈÙb@?å5�,ßE@°<C5?BEDMLNRbLÇ5?B�1Lf²�jûIú LDist

P1
(i)

f�l�g&0\úa+?*Nü�|>ú�ü�g!,�0�|6+ v 0�g&,!Ý7äE;\Q>;\B�ðRb@C@�Ù�RbßE;\RÃìg@�DM5!B�5?R�<�äMRÃLÇB%Rbß�@�Ü!LÈD�DM6Ç@�5\8Â;�OË5?BPD¬æ�ì�ß�LÈ<>ß%LÈÙ,@���<C6NäED�@JDKÙSLÇBE<C@°ì�@�;\Qd@
<�5?BPÙSLÈDM@CQdLÇB�Ý%OË5?BPDIðaÚEQb@�ÙS@JQbHILÇB�Ý�Ü»;xR><>ß�LÇB�Ý7Ù°5?BE6NÛ7å��,ß�@ªRb@CQdÜ

(leni,i′ − lenj,j′)
LNBïRbßE@

ÙS@�<�5?BPD�ÚE;?QSR�5?8{RbßE@�DM@�óEBEL9RdLN57B$5?8
RDist

LÈÙ�Rb5½<�57Ü!ÚP@JBEÙb;\Rb@°8A5?Q,Rdß�@+6N57B�Ý?@JQ�6N@JB�Ý\Rdß%5?8
Rbß�@+óEQ>ÙSR,6Ç5I5?Ú&ïxå
÷�LÇBE;?6N6ÇÛ?æ¬ì�@»<�5?BPÙSLÈDM@CQ+Rdß�@

M(r, s)
@CBhRdQbLÇ@JÙJå���@CR

r
;\BPD

s
;\Ý7;?LNB·OP@!RWì�5KOE;?Ùb@JÙ°5?8

Rbß�@�6N5I5?ÚPÙÅDM@CóEB�@�D
i

P1
i′
;\BED

j
P2

j′
ì�L9Rdß¦DMLÈÙWR>;\BE<C@

RDist
Rd5½Rdß�@�QdLNÝ7ßhR�6N5I57Ú

@CBED�Ù
i′
;\BED

j′
æEQb@�ÙSÚË@J<�RbLÇH?@C6ÇÛ?åT�,ßE@�Hj;?6NäE@JÙ�5?8

M(r, s)
;?BED

Mloop(r, s)
;\Qd@°@�ùhäE;\6¬8A57Q

;\6Ç6´@CBhRdQbLÇ@JÙ
M(r, s) 6= 0

å
M(r, s)

LÈÙy�C@JQb5GLN8�RbßE@CQd@½LÇÙ�ÙS57Ü!@
(r′, s′) ≺ (r, s)

RdßE;xR�LÈÙ
Ü!;\Rd<>ßE;?O�6Ç@?åR�,ßELÇÙÅ6N@�;?D�ÙÃRb5»Rdß�@�8A576N6Ç5xì�LÇB�Ý½@JùhäE;\RbLÇ5?B�<

M(r, s) = 0
LN8 ¬ Ü»;xRd<>ß (r, s) 57QÜ!;\Rd<>ß

(
6N@C8 R

R1(r),
6Ç@�8 R

R2(s))
57Q
Reachr Ô end(RDist) æE;\BED M loop

≺ (r, s)
5\Rdß�@CQdì�LÇÙb@?å

ð ­{X�âIÓ�Ò�ÑTË�ñ�Ñ�Ò�â
�,ß�@�Ü»;\LÇBKÚ�Qb5M<C@JDMä�Qd@�<�57BEÙSLÈÙSRdÙ�5?8�RWì�5!8A5?Qbða6Ç5I5?ÚEÙJæM@J;7<>ß$<J;\6Ç6NLÇB�Ý½;!OE;7ÙS@CðaÚP;\LÇQ,8AQb57Ü-RbßE@
óEQdÙSR�;?BED�Ùb@J<C5?BED�4Ã×�Ø�æj;?BED�ÚË@CQb8A5?QdÜ»Ù�Rdß�@gÚP;xRSRd@CQdB�Ùb@J;?Qd<>ß+8AQd5?Ü LÇB�B�@CQ�Rb5°5?ä�Rb@CQ�6Ç5h57ÚEÙJå
��R$<C;?6N6ÈÙ»Rdß�@¦ÚEQb5M<�@�DMä�Qd@"òRó�ôYõ�ó&ö3÷¿øYøYùJökú±ôOû5ü]ýhþOÿ¸ì�ß�LÇ<>ßëLÇB�LNRbLÈ;xRd@JÙ�Rbß�@ï<C;\6È<�äE6Ç;\RbLÇ5?B
5\8�;\6Ç6ÃÜ»;xRdQbLÈ<�@�Ù»@���<�@JÚMR

M bb(i
P1

i′, j
P2

j′)
8A5?Q»RWì�5ÊOP57BED�Ù

i
P1

i′
;?BED

� Âaf!mW^7X�]>�JklXÃmW^I�Cm
i

P1
i′
VYkgmW^7XÃkl���JcYcYXdU�cY§x§J¨P�MmW^hXdf!§�ijXdUWc9�J¨7¨hVYfh©�§J«�mW^7X�cYXd«Nm��CfIZªUWVY©�^xm

���CmW]S^,X��\mWX>f7klV9§JfhkPV9kË�JcnUWX[�JZ?�,X��7]dc9­hZ7X[Z,�x��Z7Xd¾hfhVnmWVY§�fE���JfhZg±(X�Z7§�fh§CmËf7X>X[Z�mW§Â]>§J��¨MX>fhkW��mWX
«È§CU�Vnm



����� ¢
	E¤�½�� ¼ ¢�½�
���������������������� ��!#"�$&%�' Á
i, i′, j, j′

¸
� �

reach = ( %�$&���������)�*��+,�#���-$&.-/10 (i′, j′, i′, j′)���
(loop 2 size, loop 2 dist) :=

����������� ��!#"�$&%�'
(i′, j′, i, j, i′, j′, reach, true)�1�

k := i′3*� 465 º87 ½
k > i+ 1

�)	
9��

k :=
c9Xb«Çm

R1 (k)�*� ( %�$&�����:���)�*��+ �����-$;.-/�0 (k, j′, i′, j′)<�� �����)�*��� ��!#")$;%�'
(k, j′, i, j, i′, j′, false, false)=�� ½1>�� 4?5 º87 ½

�>���
l := j′����� 4?5 º87 ½

l > j + 1
��	

� � �
l :=
cYXd«Çm

R2 (l)�>��� ( %�$&���������)�*��+,�#���-$&.-/10 (i′, l, i′, j′)�d�1� ����������� ��!#"�$&%�'
(i′, l, i, j, i′, j′, false, false)�@3*� ½1>�� 465 º87 ½

�A9�� ¢�½\¡ ¼ ¢�>
(loop 2 size, loop 2 dist)�[�*� ½1>�� � ¢
	E¤�½�� ¼ ¢�½

¹Bº	»T¼ ¢�½�B$À `\mS��UlmWVYfh©+¨M§JV9fxmWk�§J«�c9§x§J¨!±Â�Cc9¹\VYfh©

j
P2

j′
æ\;7ÙbÙbä�Ü!LNBEÝÃRbßP;xRÂ;\6Ç6hÜ»;\RbQdL²��@JB7RdQbLÇ@JÙ�8A57Q�6Ç5I5?ÚEÙ(;\OË5xH?@�;\Qd@g;?6NQd@J;7DMÛ�<C;\6È<�äE6Ç;\Rb@JD�å

�lBÁ;?D�DMLNRbLÇ5?B{æ{LNR�<C;?6Ç<Cä�6Ç;\Rb@�Ù+Rbß�@�6N5I5?Úø6Ç@CB�Ý?RbßÊ5?8�Rdß�@�ÙbÜ»;\6Ç6N@JQ�6N5I57ÚÁ;\BED·RbßE@�DMLÈÙWR>;\BE<C@
5\8ÂRbßE@�RWì�5½6N5I57ÚG6N@JB�Ý\RdßEÙ�ôÖì�ß�LÇ<>ß¦LÇÙÅDM5?B�@�LNB·ÙSä�O�ðaÚ�Qd5M<�@�DMä�Qd@�C�ôOûED$ö�FHG�I�ôOýhþ�ö3÷Nø]øOùHö
÷JGTþ�ö�å

�,ß�@»Qb@�;\6´<J;\6È<�ä�6È;xRdLN57B·5?8,Rbß�@�ÙS@½Ü»;\RbQdLÇ<C@JÙ+LÈÙ�DM57B�@»LNBøRdß�@�Ùbä�OMð�Ú�Qd5I<C@JDMäEQb@¯÷Nø]øYùJö
ú/ôOû:üYýhþYÿÂæÂì�ß�LÈ<>ßÀRbQ>;jH?@CQ>Ùb@JÙ�Rbß�@K6Ç5h57Ú 8AQd5?Ü QbLÇÝ?ßhRªRb5ø6N@C8 R¦ôAHILÈ;¦Rdß�@ò;\ÚEÚ�6NLÈ<C;\RbLÇ5?BÀ5\8
6N@C8 R
·(·)
8Aä�BP<[RbLÇ5?BËö[å8�,ßE@(8Aä�BE<[RdLN57B�÷Nø]øOùHökú/ôOû:ü]ýhþOÿªßE;7Ù�RWìg5,Ü!5MDM@JÙ{<�5?BP<�@CQdB�LÇB�Ý,ì�ß�@�Rdß�@CQ

ìg@�ÙSRd;?QSRd@JD�Rbß�@�6Ç5I5?ÚMðaRbQ>;jH?@JQdÙd;\6Ëì�L9RdßKOP5?RbßGQdLNÝ7ß7R�@JBED�Ù
i, i′
57QÃB�5\R�åT�lB$Rbß�@+óPQdÙSRÃÜ!5ID�@

ôALÇB�L9RdLÇ;\Rb@�D�LNB�6ÇLÇB�@�5\8%ò&ó�ôOõ5ó&ö3÷Nø]øOùHökú/ôOû:ü]ýhþOÿ{ö�æCì�@�<C;?6Ç<Cä�6Ç;\Rb@´;?6ÇÙb5,RbßE@´;\QdQd;jÛ
Mr Ô end æ

;\BED Üª5xH7@½Rdß�@
M(r, s)

DM5xì�BÁRd5
(i′, j′)

8A5?Q»;?6N6
(r, s)
ì�ß�@JQb@

Reachr Ô end LÈÙ�RbQdä�@?å�,ß�LÇÙ´ÚE;\QbR´LÈÙ´DM57B�@ÃOIÛ�Rbß�@�Ùbä�O�ÚEQb5M<�@�DMä�Qd@�÷Nø]øYùJö�F?GHôKD�L(å5�lB!Rbß�@°ÙS@�<�5?BPD!Üª5MDM@7æ?ì�ß�@JB
÷Nø]øOùJö3ú/ôOû:üYýhþYÿªLÇÙ�<C;?6N6Ç@JD+ì�LNRbß�57B�6NÛÅ5?B�@´QbLÇÝ?ßhR�@CBPD»ôA6ÇLNB�@�ÙOCÃ;?BED?��I�5?8%òRó�ôOõ5ó&ö3÷Nø]øYùJö
ú/ôOû:üYýhþYÿ{ö�æMRbß�@JBKìg@+=IB�5xì*Rdß�@�QdLNÝ7ß7R�@JBED�Ù�<C;?B�B�5?R,OË@�LÇBK;?BIÛ½Ü»;xRd<>ßELNB�Ý»<C5?BEÙbLÇD�@CQd@JD
Rbß�@JQb@7åT�Ã@CBP<�@?æEìg@+Ü»;jÛ½B�5?R�<C;\6È<�äE6Ç;\Rb@°Rbß�@

Mr Ô end ;\QdQd;jÛ7å�,ß�@´Ùbä�O�Ú�Qd5M<�@JD�ä�Qb@�M/û:ø]øYùJö�F?G�D�N�õKO8ýîøYþªLÇÙ ñ äEÙSR�;\B�LÇÜ!Ú�6N@JÜ!@CBhRd;\RbLÇ5?B�5\8�Qd@J<Cä�Q>ÙSLÇ5?B
G´ùhäE;xRdLN57B�ô�7hö¬8A57Q

M loop
≺
å��,ß�@gÙbä�OMð�Ú�Qd5M<�@JD�ä�Qb@QP©þOý�óRö©÷Nø]øOùJöAM¥ôJó�õ�ýRD)G)O ñ äEÙSR(LNB�LNRbLÈ;\6ÇL	�C@JÙ

Rbß�@gÜ!;\RbQdLÇ<C@JÙ�8A5?Q�Rdß�@gÙSRd;?QSRdLNBEÝ�ÚP57LNBhRdÙJå��lB�Ü!57ÙSR�<C;7ÙS@7æ�RbßE@´LÇB�L9RdLÇ;?67Hx;?6Nä�@�Ù{;?Qb@´þ�ôÖÙbLNBE<C@�ì�@
<C;\BEB�5\R,ßE;jH?@+;�Ü!;\Rd<>ß%L98�ìg@�DM5ªB�5\RÃÙSRd;?QSR,ì�L9Rdß�Rdß�@+QbLÇÝ?ßhRbða@JBED�Ù�DMä�@°Rb5ªRbßE@+ÙSRbQdäE<�Rbä�Qd@
<�5?BPDML9RdLN57BPö[å%�,ß�@K57B�6NÛø@��M<C@CÚMRdLN57B LÈÙªL98°ìg@KÙWR>;\QbRªì�LNRbßÞOË5\RbßÀQbLÇÝ?ßhR!@CBEDEÙCæÂ;\BPDÊRbßE@JÙb@
QbLÇÝ?ßhRdÙ�@CBED�Ù�DM5�Ü»;\Rd<>ß�å5�lB!Rbß�LÈÙg<J;?Ùb@?æ7ìg@ÃLÇB�LNRbLÈ;\6ÇL(�J@�RbßE@Å<�57QbQd@JÙbÚË5?BEDMLÇB�Ý+Ü»;xRdQbL(�ª@JBhRbQdLN@�Ù
ì�L9RdßP�7åT�,ß�@�Ùbä�OMð�Ú�Qb5M<C@JDMä�Qd@6P©þOý�óRö©÷Nø]øOùJöAM¥ôJó�õ�ýRD)G)O°LÇÙ,6ÇLÈÙWRd@JD$LNB$Rdß�@�;\Ú�ÚË@CBPDML²�¬å

�,ß�@GB�@��IR�ÙSRb@JÚÞLÈÙ!Rd5Á<C;\6È<�äE6Ç;\Rb@
M bb(i

P1
i′, j

P2
j′)
æ�ì�ß�LÈ<>ß¼LÇÙ�DM5?B�@GOIÛ

Rbß�@,Ú�Qd5M<�@JD�ä�Qb@�÷Nø]øOùHö�M¥ôJóKD�L�ýhþOÿ�å�÷Nø]øOùJöAM¥ôJóKD)LOýhþOÿ�LÇÙ(<C;?6N6Ç@JD�+�|>úlü�1yòRó�ôOõ5ó&ö3÷Nø]øYùJö
ú/ôOû:üYýhþYÿõLÈÙ%óEB�LÈÙSßE@JD¬å~�lB Ú�QbLÇBE<CLNÚ�6Ç@?æ,Rdß�LÈÙ%LÈÙ ñ äEÙSRK;?B LÇÜ!Ú�6Ç@CÜ!@CBhRd;\RbLÇ5?B 5\8�Rdß�@øQb@Cð
<�ä�Q>ÙSLÇ5?Bë@�ùhäE;xRdLN57BõôîIhö�å,FMLNBE<C@·ì�@¦DM5ÀB�5\R$ì�;?BhR�ì�;?BhR½Rb5ÀÜ!;?LNBhR>;\LÇB*;\B�5?Rbß�@JQ%;\QdQ>;jÛ
M l Ô end(LDist) æ�ì�@�ÙWRd5?Qd@Â5?B�6ÇÛ�Hx;?6Nä�@(8A57Q¬RbßE@�<�ä�QdQb@JBhR LDist LNB+Rdß�@�Hx;\QdLÈ;\O�6Ç@ M l Ô end å�,ß�@øÚ�Qb5M<C@JDMä�Qd@ïÜ!;?LNBhR>;\LÇBEÙ$Rbß�Qd@C@øB�@JLNÝ7ßIOP57ä�QbLÇB�ÝÞ<�@C6Ç6ÈÙ

(rl, sl)
æ

(r, s)
;?BED

(rr , sr)
å

(rl, sl)
<C5?QdQb@�ÙSÚË5?BEDòRb5

LDist − 1
æ�;\BED

(r, s)
Rd5
LDist
å��,ß�@»<CäMR�ì�LN6Ç6ÂOË@»OP@CRWìg@J@CB

(r, s)
;\BPD

(rr , sr)
å��,ßE@ÃÙSä�O�ðaÚ�Qd5M<�@�DMä�Qd@SM/û1GTþUT�ö�F?G)D)NOõKO�ýîøYþ%LÇÙÂLÇB!Ú�QdLNBE<CLNÚE6N@,5?BE6NÛ�;?B



����� ¢
	E¤�½�� ¼ ¢�½V�:�)������� �)!�"�$;%�' Á
r, s, i, j, i′, j′, reach, right 2 ends ¸� �

RDist = 0��� 465 º87 ½
r > i ∧ s > j

�)	
�1�

r′ := r; s′ := s; r :=
cYXd«Çm

R1(r′); s :=
c9Xb«Çm

R2(s′); RDist = RDist+ 13*� º&WYX �)0@/���Z[�#��.-\
(r, s) ∨ X ��%�]-��Z[�#��.-\ (rr, r, sr, s) ¡ 5 ½1>9�� +^!���������_`/1.-a��-0@$&��%

(rr, r, sr, s′)�*�
M(r, s) := M loop

≺ (r, s); M(r′, s′) := 0<�� b W
right 2 ends ¡ 5 ½1>c����������_`/���.-\ (r, s, i, j, i′, j′, reach,RDist)=�� ½ 7  -½

�>���
M loop
≺ (r, s) := 0; M(r, s) := 0; reach := false����� b W
right 2 ends ¡ 5 ½1> Mr d end(RDist) := Mr d end(RDist− 1)� � � ½1>�� º&W

�>��� ½1>�� 465 º87 ½
�d�1� b W

right 2 ends ¡ 5 ½1> UWXdmW­7UWffe �)!�.E��_g/�Z[��$;%����:�)�������:/�% (r, s, i, j, RDist)�@3*� ½1>�� � ¢
	E¤�½�� ¼ ¢�½
¹Bº	»T¼ ¢�½QhTÀ º(^7X�¨7UW§x]>X[Z?­7UWX�cY§x§�¨�±Â�JcY¹\VYfh©�VYk�©�§JV9f7©+«ÇUW§J�¸§�fhX��h�JklX,mW§°mW^7X,fhX��?m

LNÜ!Ú�6Ç@CÜ!@CBhR>;xRbLÇ5?B·5\8�Rdß�@ªQb@�<�ä�Q>ÙSLÇ5?B¦@JùhäE;xRdLN57BG8A5?Q
M l Ô end ä�BED�@CQ°Rbß�@!<�57BEDMLNRbLÇ5?B¦RbßE;\R

RbßE;\R
Reachl Ô end LÈÙ�RbQdä�@?åxØ�Ù�LNR(<J;\B�OP@,ÙS@J@CB�8AQb57Ü Rdß�@,DM@�óEBEL9RdLN57B�5?8 Mr Ô end LNB�G´ùhäE;xð

RbLÇ5?B·ôaý?ö�æ?Rdß�@ÅQd@J<Cä�Q>ÙSLÇ5?B»@�ù7äP;xRbLÇ5?B�ä�BEDM@JQgRdß�LÈÙ�<C5?BED�L9RdLN57B½LÇÙ�LÇB½Ú�QdLNBP<�LÇÚ�6N@+;\BP;\6Ç5?Ý?57äEÙ(Rd5
Rbß�@�Qd@J<Cä�QdÙbLÇ5?B�@�ùhäE;xRdLN57B�8A57Q

M loop
≺
Ý?LÇH?@JB%LÇBMG´ùhäE;xRdLN57BÊô�77ö�å

����� ¢
	E¤�½�� ¼ ¢�½V�:�)������+,�#��.-\�$;%�' Á
i, i′, j, j′, i 2 i′ 2 lens, lens 2 dist ¸� �

LDist := 0��� º&WiX �)%�]���Z[�#��.-\
(i, i′, j, j′)

¡ 5 ½1>
�1�

M l d end := 0; Reachl d end := true3*�
rr := i; r := i; rl := i; sr := j; s := j; sl := j9�� 465 º87 ½

rr < i′ ∧ sr < j′ ∧Reachl d end := true
��	

�*�
rl := r; r := rr; rr :=

UWVY©�^xm
R1

(rr); sl := s; s := sr; sr :=
UWV9©J^xm

R2
(sr);<�� º;WiX �)0@/���Z[�#��.-\

(r, s) ∨ X ��%�]-��Z[�#��.-\ (rr, r, sr, s) ¡ 5 ½E>=��
M l d end =

+ !#/1%�]-��_`/1.-a��-0@$;�)%
(rl, r, rr, sl, s, sr,M l d end)�>��� ½ 7  -½

Reachl d end := false
½1>�� º;W

����� º&W
Reachl d end ∧ ¬ X ��%�]���Zj����.-\ (rl, r, sl, s) ¡ 5 ½E>� � � k $&!#!���+ X�X

(i, i′, j, j′,M l d end, LDist, i 2 i′ 2 len, lens 2 dist)�>��� ½1>�� º;W
�d�1�

LDist := LDist + 1�@3*� ½1>�� 465 º87 ½
�A9�� ½ 7  -½

Mbb(i, j) := 0
½1>�� º;W

�[�*� ½1>�� � ¢
	E¤�½�� ¼ ¢�½
¹Bº	»T¼ ¢�½�l$À ¶(�JcY]>­7c9�CmWVY§�f»§C«

Mbb

�,ß�@!Ü!;��MLNÜ»;\6Ç6ÇÛò@��IRb@JBEDM@�DøÜ!;\Rd<>ß�LÇB�ÝhÙ°;?Qb@ªóEBP;\6Ç6NÛï<C;\6È<�äE6Ç;\Rb@JD¦8AQd5?ÜíRdß�@
M(r, s)Ü!;\RbQdL²�»OIÛ½;\B�äEÙSäP;\6PRbQ>;?<�@JOE;?<>=�å:�,ß�@°ÙbÚE;7<�@Å<C5?Ü!Ú�6Ç@��MLNRWÛª5?8�RbßE@°;?6NÝ75?QdL9Rdß�Ü LÈÙ
O(nm)

å
�,ß�@!RbLÇÜ!@½<�5?Ü!Ú�6Ç@��MLNRWÛòLÈÙ

O(nm)
8A57Q+Rbß�@!8A576N6Ç5xì�LÇB�ÝKQb@�;?Ùb5?B�å!G�H7@CQdÛòÚE;\LÇQ

(r, s)
ì�LNRbß

1 ≤ r ≤ |S1|
;\BED

1 ≤ s ≤ |S2|
LÇÙ!<C5?BEÙbLÇD�@CQd@JDÊ;xR!Ü!57ÙSR�RWì�LÈ<�@$LNB�òRó�ôOõ5ó&ö3÷Nø]øYùJö

ú/ôOû:üYýhþYÿ ;\BED�÷¿øYøYùJökú±ôOû:üYýhþOÿ�æ�ì�LNRbß*;?B
O(1)
<C5?Ü!Ú�6Ç@��MLNRWÛÁ8A5?Q%<C;\6È<�äE6Ç;\RbLÇB�ÝøRbß�@

<�5?QdQd@JÙbÚP57BEDMLÇB�ÝKÜ!;\RbQdL²�ï@CBhRbQdLÇ@JÙJå{FILNÜ!LÇ6Ç;?Qb6ÇÛ?æ�@CH7@CQdÛòÚE;\LÇQ
(r, s)
LÇÙ�<�5?BPÙSLÈDM@CQd@JDø;\R�Üª5hÙWR

RWì�LÇ<C@gLÇB�÷¿øYøYùJökú±ôOû:üYýhþOÿ�å\FILÇBE<�@gRbß�@JQb@,;\Qd@
O(nm)

Ü»;\BIÛ+ÚE;?LNQ>Ù
(r, s)
æxì�@´Ý7@�RÂ;ÃRd5\R>;\6

<�5?Ü!Ú�6Ç@��MLNRWÛ½5\8
O(nm)

å



m ñ�ÑËÎ�Ô5×ÖÓ]XJÕ�ÑPÎ
�·@!ßE;jH7@�Ú�Qd@JÙb@CBhRb@�D¦;�8Ö;?ÙSR+D�ÛhBP;\Ü!LÇ<�Ú�Qd5?Ý7Qd;?ÜªÜ!LÇB�Ý%;?Ú�Ú�Qd57;7<>ßGLNB·RbLÇÜ!@

O(nm)
;\BPD

ÙSÚE;7<�@
O(nm)

8A57QªD�@�Rb@�<[RdLNB�ÝÊ<C5?Ü!Ü!5?B Ùb@Jùhä�@JBE<�@��xÙSRbQdäE<[Rdä�Qb@%ÚE;xRbRb@JQbBEÙªOË@�RWì�@C@JBÁRWì�5
4Ã×�ØÅÙ,Ý?LÇH?@CB�OhÛ!Rdß�@CLÇQ�ÙS@�ùhä�@CBE<C@°;?BED�Ùb@J<C5?BEDE;\QdÛªÙSRbQdäE<[Rdä�Qd@JÙJå:�,ß�@�ÙS@°ÚE;\RSRb@JQbBPÙ�;?Qb@°DM@�ð
QbLÇH?@�Dª8AQb57Ü @��M;7<[R�Ü»;xR><>ß�LÇB�Ý7Ùg;\BED»<J;\B»OË@�äEÙb@JDª8A57Q´6Ç5I<J;\6Ë;\6ÇLNÝ7B�Ü!@CBhRdÙÃôk�(��
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